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Intermediate Value Theorem for Continuous Functions
Functions that are continuous on intervals have properties that make them particularly use-
ful in mathematics and its applications. One of these is the intermediate value property. A
function is said to have the intermediate value property if it never takes on two values
without taking on all the values in between.

THEOREM 8 The Intermediate Value Theorem for Continuous
Functions

A function y � f (x) that is continuous on a closed interval [a, b] takes on every
value between f(a) and f(b). In other words, if y0 is between f (a) and f (b), then y0 �
f (c) for some c in [a, b].
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The continuity of f on the interval is essential to Theorem 8. If f is discontinuous at even
one point of the interval, the theorem’s conclusion may fail, as it does for the function
graphed in Figure 2.25.

A Consequence for Graphing: Connectivity Theorem 8 is the reason why the graph
of a function continuous on an interval cannot have any breaks. The graph will be
connected, a single, unbroken curve, like the graph of sin x. It will not have jumps like
those in the graph of the greatest integer function int x, or separate branches like we see in
the graph of 1�x.

Most graphers can plot points (dot mode). Some can turn on pixels between plotted
points to suggest an unbroken curve (connected mode). For functions, the connected for-
mat basically assumes that outputs vary continuously with inputs and do not jump from
one value to another without taking on all values in between.

EXAMPLE 5 Using Theorem 8

Is any real number exactly 1 less than its cube?

SOLUTION

We answer this question by applying the Intermediate Value Theorem in the following
way. Any such number must satisfy the equation x � x3 � 1 or, equivalently,
x3 � x � 1 � 0. Hence, we are looking for a zero value of the continuous function 
f �x� � x3 � x � 1 (Figure 2.26). The function changes sign between 1 and 2, so there
must be a point c between 1 and 2 where f �c� � 0.

Now try Exercise 46.SFigure 2.26 The graph of 
f �x� � x3 � x � 1. (Example 5)
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Figure 2.25 The function

2x � 2, 1 � x 	 2
f �x� � {3, 2 � x � 4

does not take on all values between 
f (1) � 0 and f (4) � 3; it misses all the
values between 2 and 3.

Grapher Failure

In connected mode, a grapher may con-

ceal a function’s discontinuities by por-

traying the graph as a connected curve

when it is not. To see what we mean,

graph y � int (x) in a [�10, 10] by 

[�10, 10] window in both connected and

dot modes. A knowledge of where to 

expect discontinuities will help you rec-

ognize this form of grapher failure.
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